We introduce a general homogeneous kernel whose degree is given by two parameters to establish the equivalent inequalities with the norm of a new Hilbert-type operator. As applications, we provide new extended Hilbert-type inequalities with the best possible constant factors.
Introduction
Let {a n } and {b m } be two sequences of nonnegative real numbers. The well-known Hilbert's inequality says that if p > , 
where the constant factor
is the best possible [] . This inequality has been generalized in numerous ways with introducing suitable parameters and weight coefficients. (x+y) λ of degree -. As a consequence, he was able to prove that if p > ,
}, then the following two inequalities are equivalent:
where B(u, v) denotes the beta function defined by
Moreover, the constant factor
) is the best possible. In , Jin and Debnath [] generalized the Hilbert-type linear operator whose kernel is symmetric and homogeneous of degree -. In fact, they obtained several extended Hilbert-type inequalities by using the kernel k(x, y) =
is the best possible. See [-] for other Hilbert-type operators and the corresponding extended Hilbert-type inequalities with the best factors. Most of the previous results were, however, obtained by using the Hilbert-type operator with the symmetric homogeneous kernel of -λ-order, which depends on a parameter λ > . In this paper, we introduce a more general homogeneous kernel whose degree is given by two parameters (Definition .). We establish the equivalent inequalities with the norm of a new Hilbert-type operator (Theorem .). As applications, we provide new extended Hilbert-type inequalities with the best possible constant factors (Corollary . and Cases -).
2 Hilbert-type operator with a symmetric homogeneous kernel whose degree is given by two parameters
For completeness, we begin with the following definitions and notations.
the set of all real-valued C  -functions φ(x) satisfying the following conditions:
we define the following weight functions:
is decreasing with respect to x and y, respectively. () For sufficiently small ε ≥ , the following integral
In view of Lemma ., we may assume that
Proof We have
, we get
Similarly, one can obtain W  (n) < K α (λ).
and hence
Proof Applying Hölder's inequality, we observe
By Definition ., we get
Therefore, by using Lemma ., we get
In the same manner, one can obtain
In view of Lemma ., we can define a Hilbert-type operator T :
Similarly, define T :
It immediately follows from Lemma . that
and
Hence the operator T is bounded. The formal inner product (Ta, b) of Ta and b is defined by
Moreover,
Note that the definition of K α,λ (x, y) implies that
Thus, using the fact that for a > ,
as ε → +, we obtain
which completes the proof. 
Moreover, we have
On the other hand, from Lemma . it follows
Therefore, combining these inequalities () and (),
as ε → +, we obtain that K α (λ) ≤ T p , which is a contradiction. Thus we conclude that
Applying the same argument, we have T q = K α (λ), which completes the proof.
Two equivalent inequalities for the Hilbert-type operator
Equipped with the Hilbert-type operator defined as above, we have the following theorem.
and ψ(y) ∈ F n  (s) (r, s > ), we have the following equivalent inequalities:
Furthermore, the constant factor K α (λ) is the best possible.
Proof It follows from Hölder's inequality that
Applying Lemma ., we see that
In order to prove that inequality () implies inequality (), we define b as follows:
for n ≥ n  , n ∈ Z. Then we see that b ∈ q w  ,n  and b q,w  >  as before. Thus using inequality () shows that
Now suppose that inequality () holds for any a ∈ p w  ,m  .
which means that inequality () implies inequality (). Therefore inequality () is equivalent to inequality (). Furthermore, Theorem . implies that the constant factor K α (λ) in inequalities () and () is the best possible, which completes the proof.
Applications to various Hilbert-type inequalities
In this section, we apply our previous theorems to obtain several Hilbert-type inequalities.
Recall that the beta function B(u, v) is defined by
Define the function K α,λ (x, y) by
is a symmetric homogeneous function of degree α -λ and is decreasing with respect to x and y, respectively. Moreover,
To see this, for  < ε < pλ  ,
Note that since
we see that
as ε → +. Therefore from Theorem . we observe the following. 
